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FRNAA—VTED., £, FRIZI2HOERNH AN, INEHATHL EJREMEOER SN D 5.
2L 3 E|IIWIRATEOMENE LN TS, MAIZ T7+ F Rea A MEE MO _5EE] (Y
VUHRE S Z—, 1979) , [hE k" HEE FR] (Z—FRE, 1996) bdH 5.

5.3 fOEZ TRRBIEIKFEHZHMo-TWWETHM?] (U LINDRTYyHI LYk, 2012)

ZORIZ, WEFERBERSLOFES (2011, 10) ONEFEMEEELZL O, 80 H. mid-E, 0N FEE
A B> TE RN, @R OFLLEDINARILE & bIZEIPN TS, PE, T2 & THg ]
L IBs) AR THEHROMAMA LX) OXA MLObE, BAROZRVE—FEEOREN, JFRPEEDRERK,
R 2 L T RE 2 E R E NN TN D, B, 1970 FERATHE S 2011 4EE TITJFIE CTHIR L7 8 AD
HEEORMEETHS. ZORKIFELEFETHS.

5.4 WEIIIMX MEFBER REDTO—] EHKER, 2011)

TV =T A Z = o HITIE, 1970 R0, FIE 24 - 3 & TfalR - REE) & ORI H 578
BT INOMEND KD LS RE DR A KM TR D TEEIT I EE Lo, £ LT, 1978 4£ 9 H~1979
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HARETO8 » HM, £k, W, FEO 3 5T CHEARE HORRN LM\, ZOARTIE, FREIEHOIR
A ALOETEIN TS, Thxjide s, FBEFEFOR 2~ DHFESY BN, o, HRICRDHI1EE
WIETHONb N5, F, WL, AFEPEOHIEO AN & OSFELRELTEBY, Z2I0bEEEZDHH
NG AN D . [EREY 7 v—] (BAEK, 1979) , [EI7EEL) GERASUE, 2011) & LCHHRS
NTWDBER, BEIIKRUZMO VARSI TND EORPHRG 5.

5.5 PEIFX (X)), KKLIFS (f8) MESRFEOE] (FAR#HELR, 2011)

1979 4RI [7H e 75 7] ICB#HENTIRBILE RKRD (31 FOHROBE] %, 2011 FIZARIC L, 95
H.[ERT—] OFA =X MREBWZ D, ZOKRIZIE, BEFOKALUT D8N FINECZE 2
Tl < FEE OB 22K (35 HAY) HD. KKITIITOR EREENEDLTEER E &2 LI a /Wy
7228, BT, R THEENOHOED, Lo, EORNELENPDTENR-TL S]] bDEENS. K
KIFFERFEBEIGOZ L& £ THIBO LS TThdl E5-oT05. ZORITEBE TR,

5.6 FI € MRFFHIEBE] (Bl A, 1979)

BILITERRST 21T 9 T T RO B ThH o727, TOAIE, HRILH 1976 4F 4 AICAHEL 1979 48 2 H 12
BT 2 E TOFREFET, BEOETENMN WD, FLIIES, W, FF5OKFR CEWZIE), BRj
BESOBIRESL L TR, TOEELDH L. HRLIIKRFTHAE LFE2FATEY, FREOBEESLHE DK
SRR TP HFEZ > TEPN TV D, RO MR N B E e F &2 bl S H2NENE L
I, TG SO BT TR 20 EIC BRI L 2RI L. UL, st EoRITH, A
13 ABNS EAEAWRNEAERE R > T2 2 & b ENN TV A, TIFFEMR A L) GERIESCE, 1989)
X, ZOREIFIERCHE.

5.7 BHE#E [MonhSHREFEHEBEFE] (BRI VI Ly b, 1996)

63 HOAR. HEHITCEBIGKZHR W) . ZORORIEIT [HHEFEDOREZEBE-T] Thd. HFEIE 1991
LT L Ao TIEIE R Z S A (CEAE 29 5%) . BT /1 058 T AL BN T, Wkl U O B0 HULEs
OFHZRSTE 22 Lo-31F, 9EMOPIRTAIMM & 2o 7-. BERITIEE S AORBOKREELZ T, BT
B 8L OB RFBEDKZMNb -T2, ZOROHEPEE, BESAOMLE, W, HK, FEBEHEOZ LR L.
B, FEHTITRTTE T 2 JRBARSF RG], 2 O CRAMERLIRE TR 2 5782 O8I E MR STV 5.

5.8 MHIER [ERIIZETERIZSAIHLLGELON] (UNEEE, 2011)

PrEVIIER « KFEM. ZORIIFRBEREREZR > THD0, =8 [JFEPARICSESDLIRN=D
O] OF— TEEOLEITHEEDHICKZ 5N TWD] (123 ~149 H) 1%, WRI s /A0 E b2
TEVEIRHD. MHIIKRFED L X, EIOHEMTHLBEHEMTE (WEER) &L IO R
FEEETAE L0, WORFRTE N CWD It E2Ho7c. T LT, ZNEEEO—DLE LT, LOWHEIK
HEREEICBELE o7, MTHIZZOFRE [FRICLAFEBH -T2 LTH, FERIHDHZLIZEIDATER
FIFEIZHEVITKREL, WPRDIFRIZE > THIEH LIV EWISTFIINEDL ] Fvcend (219 H) .
ZORDOKIBUETIR CTH D [ Zaunflam ! HARNEFEIED ONARERE, 2012) &, #REZEICET 551X
FLC.
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5.9 JIERE [EEMCRRE] (E&%, 2011)

J Eid e et 352 Liztk, 30 1% (1980~1986) (ZALLM DJF3E Bl SAic A D S oD JFR Ot HF%E L
2. FDH%, ZA TOHEREZITSATEDL, 2003~2008 42 HEE 1 O RS 2t ClRMFEROLHE L
7o BRI2ERMITH L. ZORIE, BHBROESWBG TOMSE, KL ~VBUR MBI O LB OHF23 L <
EONTWD. £, SRR LSS, BFo—IC@W Mo Z &b ELTn 5. I RiE TR
N7z F T2 ERORAALFEFR @ ORI E, e itk ez o087 SANVT, 5 L&AV
FIE Lo L, BBFTRE L CW eSO RICIIABE®RZH W BRNRH o7 L bENTWD. I RiTik
Mo & &, BARBKROMAZRD CTHREINTZD, Tid H8tE ORFe, BERRICHAAIIZRY, 55K
HiE L CHIF SN RBEDENTND.

5.10 BHAFELESSHE MBRIEERFE] (BRIvI Ly b 2012)

HIMENBRfE L7 TEBESEEEY R v L] (2011, 8) ONEFERE - MELTTEEAR, 64H., v
R AT, FRTHEH ATZbOWERERBEIFFERTHEOLBRELITHIEEZHANE LTV, ZOK
%, R TERE 4 NOTBRLek, ERFEIC L 2 RRIEHBME O, FRSEF ORI H - TE e
HEOWE THARINTWD. FURSEHE OMBEIIHIRES T TRBERFBFMEICLH DD, ZORITERE
FERHLE RS> THESTZARATH Y, KEESCHSMRBARMAD Z L PR ELRLTWD.

5.11 FEOE [REF®E] ERARAHE, 2015)

BHREZOFRIZIFEOINA THRFEEZ T 570, IWRDOFEBEDFRE TENTND Z &m0, JFRTE
FOMBIZEY AT, ZORIE 8 NOTTFITEHE # Bk Lizitdk Th 5. FREF OFREX, O, U
T, RILOPFERICENTE 7, LiL, TROIZ 1970 FERBEETOZ ENEL, ERLRZ0O%DOZ &
BV 7L 725, FRIZTNUSZ LD &, #5975 LT 2000 ELIEOJFER T EBE 2R LB L-. Z oK
FRNPZAULFRICET 572 SAOERLITVIAEN TN D, FRIE, FANET IRR-FHFEHEIT QX
RBEBRVAEZLOENSIENWE ZAT, FHEOHERIIEAL TS, ZOZLEE2FET, L OANEHRL, B
DODFEEIALIEY, LOBWTHELIZOBAETHL] LHENTND.

5.12 FBHI/PDEERME [EEEREFEEHEFE] (BARENE, 2013)

ZORIT A NOIZE . A H/NURR A o B M T A A SR EB) 2 L C & 7o, AR, SFruiE iR B e
DILNBR, HRTEE O - HEICSI L TE 2. A HEZMIERE P IR O EE, [ - R HRRE o
W R E LTE7e. A NEBREINOOMBICED > TS, ROWNEIL, 18 MEEO45), 28 TR
FETRET BT EDO LS IENTE 2 (FFEIHEHE OFREME - J7 Kl S AD#tik) , 30 T4
BRI EE DREREZ T 572012 (BB R E O - 3 E3E T, HEREShIREENES A (K
N) DFRIEAT, RN T & R AFE L G- TRV, BEARRETHD BIED) . ZOKRTKEO
PRESRMIE Te N7 BGEF v =] OFFHO—D2TH 5.

5.13 #HWEKFHEEZSFY bT—0k RERBEHEBEEFEH] (Z—ZFE, 2012)

I TIWEEZ oy U= (FEBEITEIR) 1%, BEFFEHERIC LD R/ 5 7@ 2 3k
THY #dez o OMEAEHEAR. 2011 4F 10 ARk, ZOARIE, ZoO2ATEME L 25 BT wkid < @RI
BT (2012, 4) TORSHNAEZTOICELDbO. WL, BEFREODUR, R, WEOER
RE, BRER T COMFEERRLMERORENTOTHD. £z, FIELHIHER O Lotk & R EER O RS
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OFRELHDHN, ZZIWFERMEOEMO —MARIN TS, ZOREHETe:, ERNFHEEZZT LA
HREEHIRICREN RS LN TE S,

(2016.11.01)
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otk (e 4)

— MREEPoEL] 5t —

PN

The Quaternions (Appendix 4)

Tadashi YANO 2
B

LTI

L U VT O L T E R
RS Te (2 37

L U DOWTT~DHEEE
Bboiz

Uk W N

1 [XC®HIC

Ty e TT T T s [REFOREL] 1 ITRETH LD, D 271-279 HIZAN IV b OMIEHE D%
ROBRED DO L OAR L LR TRMICE DN TN D, B BE TR R [2] 0F 2 7 [ eio%
R &8 3% [Hamilton @/ — FOfEHE] THTEDORERIZOWTAIN MO OfFGE L. £ T,
Ty e T T T VT L OFA L RO L O BT TEEICBE LA B O NS E S THIBRNH S Z LA D

LIF TSI RE D NN DT, FROEBNTZHIOE Y & ORXBIN>E#EL 22503, [EFEOREL] Hoos A
I F T TIT FT R R IN T 5.

2 JIILT OO L =30

ET, VAT L1843 410 A 16 HICA IV bR EA R LI LW I FERELZD 450D LT
09 FAEDHIHNZ B AT2% T, NIV h DU DOFERIZHOWTORDORBEE L 2 A% H>ED & 91Tk
~5.

W2MZLTAI A ML ZOMBEICEE L2 HoBBEIRATho72h, T LTHMIZ
U THIZZEOE L L7er 2 bbbl 2o OFMIZ “Hamilton’s Mathematical Papers”
(Cambridge Univ. Press, 1963) D% 3 BICHAESN TV O LHELTH LI > THMH I TN D.

LLTHOED5 5O LEEHITA.

1. "I bhrd/— b (1843.10.16) (Papers 3, pp. 103-105)
2. Yar 7 L—7 2 (John Graves) ~DFHK (1843.10.17) (Papers 3, pp. 106-110)

U T
2yanotad@earth.ocn.ne.jp
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3. w3 TUoekGh & BT 2 B B OFFEIZ OV T (“On a New Species of Imaginary Quantities
Connected with the Theory of Quaternions ”, Proceedings of the Irish Academy, 1843.11)
(Papers 3, pp. 111-116)

4. [cHos#z] (Lectures on Quaternions) M JF3C (1853.6) (Papers 3, pp. 117-155)
5. NIV R UDRF~OFH (1865 FDFEDL LEN) (Papers 3, pp. xv-xvi)

I AN S AN

INHDOILEIZBNT, DADIUININ h DK 2 DBRBEZ EMRIZIZED LR TES. Z
DHFMILEEITB VT, bhvbiud, — ADBEFAEDOLOPITNET L L D &35 D4
HOBHC—DOMBERT L&, 2REka L ZORITTES EE, ZLTHOWIC OO —
B Lo TWEAREEZET 2 X0 ICERT 2L E—2BET LI LN TES.

3 MEITHA~ADEFE

I A~DERRICOWNWT T 2 LT U DRARDL L ZA%ET TR LS. UTo3IHXOFD ( ) I XEE
(RE) Ik rfieorfmcdy, sIHICH> UIRXDEREZD LEAF LT

NIV R OBTEOEB A MY, o, oo, Rk LMo TIFA TH
FHOERE RO (a,b) & LTHR Ui, 4083 X ORI % AR LI [5 (a,b) ~0
SBUC 3T =8 (0, b, ¢) IEODNE T BTN D 2% B

NIV N ATEERC BT DRI OFWRAIBSR LT, BN i 2D AR WEEROFRREZ KD TE
D, ZOEDICEROR (a,b) #EZXTZOTHS5. W, EHOxTE L THERERTLXTEXLZ0OR
EORANTEEAL ¢ OFERAZ2 LIRS, bbb,

(a,0)(z,y) = (az — by, bz + ay) (3.1)
EWVV) FIERANAZREEN i 2 VRV TABO L IICEZLZENTETREDL, ThiX
(a +b)(x + iy) = (ax — by) + i(bx + ay) (3.2)

EV O ERAZR L TIIBRIEMITRD D ZLENTE R, Thbb, ?=—-1 W HOHARLTIFESICHI D
ZbRbRVDOTHD. bbhh, Thz

(07 1)(07 1) = (_170) = _(170) (3.3)

EFEBOREHNTERT Z LT TE L.

Eht, BET =T U R O =28 (a,b,¢) ITDDICT HRTVE 0 E ROHE] L) R ES
L= L2 O Tl E 5. T L AEBHOKMEHRI L PO EKHEZ =2 (a,b,c) 12k 7= &
WIHIBZEEDIZWV[Z]. L, TOMEE#HOL - LELRWEE E03 L, ToAT rOEEEKT T
BWTH L.

HHFEE a + ib DEERLITA IV b AT D =% [1X T 01
a+1b+ jc (3.4)

EEWL BRIXEOEEARKAT 1,4, § ZEMANORAME SO EWIEELR [HHps] & L THRRAL
L7z, BIININVEUES (H) 58 17 hv) (vector) -7z, (Flg) 11X

(a+ib+ je)(x + iy + jz) (3.5)
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DX IR ERICERNORY fLE L TEED ERAZ. ITEFLE
Bz, HIZHEENMNI D ENAETHDLZ L
U, oY MLVOESIZRNFORESORMICE LW &
Wiz GE_o) BRAlZ THEaHEDER (law of moduli) & FEATE.

B -OBEFBITHBAEICBOTOERAAERY LS EEBRLTVWAEDTHA ). H _OEFIIZINEXNTE
i,

u=a+1ib+ jc, (3.6)
v=x+iy+jz, (3.7)
w=(a+1ib+jc)(x+iy+jz) (3.8)

LI BHLE, Thbb, w=uw DL X,

lw| = |u||v] (3.9)
NEONIDZ EEEWT S, L ZABED =M TIZREIZZOX GEXMEDER]D 13RS LRV, a2
WO, Tl TF ATl oRNEEIRTILEAZEKL WD,
R~ L.

AH, bbIUIZ DO ODEFIL-EWIT 1, 2, 4, 8 DZERICIE T8N b Z & &Moo TV
L. (RS L7=23-> T, 3WITIZBIF 50 b ORI KM & o 72, OO EIL 4 K
FABATT B Z L2z

W DA DRI ONT, DROIUELENS Lo LMD N TES, Dl b a+bi
W2t LT THERHME DR 2= 72012, A~ 30 b odi@s oBEHEHITST 5 Lo (Wekic
LT di=—1E,BE, Fo<KFEEIC = -1 EBWE. L, i ThoT, R ji
ThoTcin®?

NIV RCBED =208 2EZD LI Role&oMTITFH EDORERT, HEFEHD a+bi I LT,
ZEMNDO —RAERTT-DI

a+bi+cj (3.10)

EXRIGELTERLZ LITEEES I, TRETHE o T TRARV. EHEEITB O TEEEANT ¢ 135 Lo
BAL 1 & 90° = /2 2T KR IAC iR S 5. 255 &

li=i (3.11)
b —E i BT,

i =1 (3.12)
Een (K1ER) .

Im

)
/2 /2
iy} 0 > Re

1:i & 2= -1 OKEER
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NIV S TR R E R O EOROEEIAL § R D Z LKW (M2 ) . oLk
ZMNORIZa+bi+cj EREINDIZAD. ZOH LWEEHEAL § OB UTEA~OHITROHHE S/ > T
WHEES, L, ZOZEEMMLTCWDIIRICITHE W HEDRW[4]. Yo T roiifich £5 5.

Im

A

) 0 1
/2 /2

J
2 j L j%= -1 ORBER

BN, NIV AT =i EIREL, TLTEHELE :
(a+ib+jo)(x+ iy + jz) = (ax — by — cz) + i(ay + bx) + jlaz + cx) + ij(bz + cy)  (3.13)

SC, iE (BZBEHID) |l 1ij THo TRITAREZ LM 2 2R ij = a+ Bi+vj)
EHLone
(FE—DRB) "INV ETVar s TL—T ANDFROPTTENTND  [Z2DFF (T2
bHij OF¥F (i)Y E=1ThdEEbhodMb L. Z2ERL, ?=2=-1ThY,
ZHhEbhbnilij=1F7Fij=-1%2L 685X 0IZFE I NETHD. LirL, EHHDK
ETH
FEDRE DV DR = RFDREET 205 OF DR (3.14)
WY SLT2 TN ED D |
LETEINLERNTLNVICKWOT, RRLTHDLE, £T
(ij)* = %% = (-1)(-1) =1 (3.15)
ThodoNb,
ij = +1 (3.16)
BREOND. TNNRNRT T T TORIETHD.
S HICHRBEARERICREL, EOREOF S o) LI
[ax — by — cz + (b2 + cy)]* + (ay + bx)* + (az + cx)? (3.17)

ThHhA A9, ZIT(bz+cy) ORMIOHFH L IZEHALIG=1DEE+HLDN, ij=—10DLE - %5, £
7= TRF-ORET 2 FHOMOIE] EiZa+ib+jclxtT 2 a2+ 02 +c2 & x+iy+jz 1xT 2 22 + 9% + 22
D (a®> + 02+ ) (22 +y? +22) ThD. Liznno>T, EoXETHRLNERT, Thib,

[ax — by — cz £ (bz + cy)]* + (ay + bx)? + (az + cx)? = (a* + b* + 2) (2 + y* + 2?) (3.18)
(FRE D SET T\ S THEHEOTERT) BEGZLARNZ L 2R L TN D,
(B —ORA) A~ b b ARG E

(a+ib+ je)? = a® — b* — ¢® + 2iab + 2jac + 2ijbc (3.19)
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BELRLUZ. WRITEDD 1,4, § OREOVITOMAEHEL,
(a® = b* — *)? + (2ab)? 4 (2ac)* = (a® + b* + ¢?)? (3.20)

ERM L. LERoT, EHIFE-o7, [ Lbvbhdij 25 A TWAIHET >V HIFRT
i, HESHEOSHTE TSRS, LT, TR EDZ L, Thbbh, a? — b2 — 2, 2ab, 2ac
EREIC TSEH R (square-point) DFEIETH H Z & W3, FENORICKTT 5T L o KROER] (Mr.
Warren’s rule) OO T NRILRICE - T, ZEHNTHRRS LD, - FEEE, b Lbhbh sz B S
DIFEIZIBNT z DIEDOHGN G A a, b, c DB MA~OEEEZ ST 572 61F, bivhiid
a? — b — c2,2ab, 2ac ~E PN TZEENR S ML~OFEICEIET B )
LENDNYRLTLRNDT, BEMOBEEEZD. a+ib=re LBEECTREIE, (a+ib)? =r2e?f L
%, 22T, r=la+ib,tanf =b/a THDHMND, 12 = |a+ b, z WO EDF N D DORAIL O D 2 5D
20 Lo TS, Ha,b,c DEERARY MA~DEERE 1L a+ib+ je ZEWRL, TOFEHEX (a+ib+ je)? %
BRI 5.
(FE=0RR) NIV AL, EREZORLOPTHRE L ij =01, £OHK, iz -T
Folt{ ELWE X2 polzl, LTS, HITF L —T ZA~OFMOP TENTNS
[L7223oTC, i =0 & ZBET LI LG OMIFFHER SN E LT, L, ik
FWOBEHENR Ebe. £ LT, FAE TEiFWie) (de trop) 72 b D72 - 7 D[R UHIER
2, FAZE S TR ARIBDNE S ITBDONAEE, T778bb, ji=—ij ICLoTHELNADIC
HMNeNE WS TR LT, Ed R, FULEN 0 THLNE»E TR ZEERAHIC
RE LoD, ij=k,ji=—-k & L7
Tibb, ik EOEONER ji = —ij \[CEE LT, FEITL,
(a+ib+ je)? = a® — b* — ¢* 4 2iab + 2jac + ijbc + beji
=a? —b? — ¢ + 2iab + 2jac + ij(bc — be)
= a® — b* — 2 + 2iab + 2jac + k(bc — be)
=a? —b? — ¢ + 2iab + 2jac
LD, T VT U OfAERIT X .
(FEWMORAR) & HD L, ~NINhriTat+ib+jck o+ib+jcEnTl. ZL—7
ASDFROHF T, NIV MATFERDT D Tk ORBUIRITVERD (Thbb0ERd), %
LT
ax —b* -2, (a+x)b, (a+x)c (3.21)
X MR (product-point) O IEfEZREIE T D Z L NESIZRAME S - BALOMN S K a,b,c D
R MAA~OEHED, ZIA S OFEN TR CHABROBRNE Db 9 —DDRF DM 2, b,c D
EREA~OEHATINZ B4, FLICE R LIEHEOSOERERY FISE L) BIRIZBWT, £L T,
BEOHESRY MVEESIZBOWTHE 2O TH 5. ij = —ji DR, LrL, WEALLT
k DEIZOWTOREH 7 L)

g, ROESSLLERDNYEND, BALOMN O R a,b,c DEEST b ~O[EER &3 TRED,
a+ib+jcThHY, BAHOBEIDD x,b,c DEE~DEHRE (FHTREE, 2+ib+jc ThDH. TILTHE
DEERT FVTRSICBWTHIE 2O TH L LIk, 20X TRIND.

(a4 ib+ je)(x +ib + jc) = (ax — b* — *) +i(a+ )b+ j(a + x)c +ij(bc — be)
= (ax —b* =) +i(a+2)b+ jla+2)c (3.22)
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ThHoHNb,
(a® + 0%+ ) (22 + 02 + ) = (ax — b* — ) + (a + 2)*(b* + ?) (3.23)

DD IO, ZOBRAITH kE ORIOBRIIZ0 L7 oTWA. LERST, kDEIZCOWTOFERITZ OBESIC
LEsNR o T,

4 FEHORITA OB
ATEIDRE & felT & 9.
ZDOFERDTOENDRERDE, NIV PAMERBHIIE T2 (7 L—T Z~OFH, Hamilton’s
Papers 3, pl107) :
RIBIZERA K, 25 THIE oD =S8 O — )72 fE73 ] (“Try boldly, then the general
product of two triplets.”) f&ILFHH L7 :
(a+ib+jo)(x + iy + jz) = (ax — by — cz) + i(ay + bx) + j(az + cx) + k(bz — cy) (4.1)
Pix k=0 LB LA, LT MEHEOEANIMZ SN TWDE222 ] WD
AT
(a® + 0% + &) (22 + 9> + 2%) = (ax — by — c2)* + (ay + bzx)? + (az + cx)? (4.2)
DR SEOM 2 ZDEZT A, FH—oX (ZhFkoXoEaoZ &) 1358 o (LoXof
WO L) #B25. LL, EAILRATN D, b LOIWDILAREIO X 51T
ij =k, ji = —k (4.3)
ERDDHIRBIE, ZhEH X O EHE (a+ib+jo)(z +iy +52) DEBICRT S k OFREOFITOF
Thb.
2D,

(a® + %+ ) (2? +y* + 2%) = (ax — by — c2)* + (ay + bx)? + (az + cx)? + (bz — cy)? (4.4)

DR NL-> TS, Thbb, (4.1) 1380152 2O = MO TH o722, AT HITe =M TliERgan
THSOHOEL 72> TS,

ZLT, ARMEEICH LWAInE X 50603k 5. 7L —TZA~DFHKOHT, ~IL
FATEFENTND T2 LT, ZZTE28Ma53HHE T2 L0 5 BMIZH L Thhvbilidid@o it
T o WEE, H2OEWTZEMO 1MoL (fourth dimension) 23FAMI T30 GRD Tz «o-.
Thbb, REF~OWEZEVBZ T, bhbiuk, i &b j EBRAINDZ DR, L
L, L LCORIHE LHERBE L TOBREORICELWE ZORRSTEDOR S k 278073107
nEeo72n. Ehvp zic, FAIR

a+ib+ je+kd (4.5)

XA
(a,b,c,d) (4.6)

EWVo TU5EHY (quaternion) ZEAT 5 Z & &7
DEEIANAINV AL, R

tk=1wj=—j, kj=1jj=—1, ki=j, jk=1 (4.7)

19



Z L TiIxtkiz
k* =ijij = —ijji = —1 (4.8)
DEIECBZINEVIEAZFHIAL TS, ()
e (NI hY) BAD RICEOERAREZ AT ERUR (bbb ROYH) I
EhNT ) — N T w7, BOTT 4 T ORENOEO X S I —BREICEE S e s TR, R
NELZOEEDIAF =R ZTNDERFEL TS, HEXG =01%

(ax —b% — 3?2 + (a + )% (0> + c2) = (a® + 0> + ) (2® +b* + &?) (4.9)
VO EFIZ I TEO bz, L > TRIT
(a® + 0> + &) (2 + 92 + 2%) = (ax — by — ¢)* + (ay + bx)* + (az + cx)? (4.10)

LW T ENETITIARWNE I E ATz, LhL, ZOFERANRZFNEELT572DITFE 0
(EXA30) ~D (bz — cy)? OMEBLETHD Z L Bbhotc. O Lidij #MET 570 L
FUT RV =, Z LT, ZRDBFHLWVER L IZELWICERN RN E NS Z L E2FAUZ RE LT

(4.9) IZFID (3.22) MHBHBLNLKTHY, (44) 1 (A1) HOELNIKTHS.
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Some Remarks on Jensen’s Inequality for Convex Functions

Shozo NIIZEKI!

Abstract The purpose of our paper is to make the following three clear. The first is to formulate the
Jensen’s inequality as the form of Theorem 4.2 and to prove this theorem in the same manner as the method
of proving sufficient condition of Theorem 3.1. The next is to show that the inequality sign ”<” in Theorem
4.2 becomes the equality sign ”=""at the edge points a and b of finite closed interval I = [a,b] C R. The last
is to show Theorem 5.1 which shows different characterizations of convex functions as well as Theorem 3.1.

Keywords : Jensen’s inequality, convex function

1 Notations and preliminaries

Let R be the set consisting of all real numbers and if {a,b} C R & a < b, then we define a finite closed
interval and an open interval by 1) and infinite intervals RT and Ry™ by 2) :

closed interval I [a, ] N R+ (0, 00)
open interval 7° % (a,b) Ry™ [0, 00)

respectively.
Furthermore, we write a set consisting of all continuous functions and a set of all convex functions defined
on a interval J C R as C(J) and Conv(.J) respectively.

DEFINITION 1.1. We say a real valued function ¢ convex function on J if the function ¢ satisfies the

following :
VA €10,1]

V{z,y} C J } = (1 =Nz +Ay) < (1= Nep) +Ap(y) ¢

REMARK. By the above Definition 1.1 we get the following :

F(Aiz1 + Aozo + +A323) <

A A A3 =1
1+ A2+ A3 ALf(w1) + Ao f(w2) + Az f(x3)

{21, 22,23} C [0,1]
-1
{z,y, 2z} C I

Throughout our paper we assume that all of the integrals exist. In order to consider the Jensen’s
inequality for Lebesgue integral, we introduce a measure space (2, F, u) and consider a set E € F with
u(E) € RT. We now give a function f defined on I and give two functions g & h which are defined on E

such that :
f:I — R

g:EFE — I
h:E — Ry™

Furthermore, we give some assumptions and notations :

{a,b,a,f} CR & a<a<p<b
I=lab & J=]a,0]

9(E) € {4(s) | s € E}

Hg d:ef/ hdy € R*
E

IMatsuyama, Japan, Professor Emeritus, Kochi University
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The following Proposition is useful to prove lemmas in the next section.

PROPOSITION 1.2. Let ¢ be an integrable function on E. Then we have

¢ >0 (ae. on E)

= ¢ =0 (a.e. on E)
/ pdp =0
E
PROOF. For each n € ZT we define E,, C E by

B {o o) 2 1}

n

and by integrating the both sides of the inequality ¢(z) > 1/n on E,, we obtain

1
—p(Ey) S/ wduﬁ/ pdp =0
n En E

u(Ey)=0
L0 p({z | pla) > 0}) = p (Uil Bn) < 30070, u(En) =0
Therefore we complete the proof of this proposition. [

We derive an important corollary from the above proposition.

COROLLARY 1.3. We have the following :

>0 (a.e.on F) = /cpdu>0
E

PROOF. The proof is due to reduction of absurdity. If we assume that

/god,u:O
E

holds, then by Proposition 1.2 we have ¢ > 0 on E. This, however, contradicts the beginning of the
hypothesis ¢ =0 (a.e. on E). O

2 Preparations for Jensen’s inequality

In this section we give two lemmas which are essential to prove the Jensen’s inequality. By I we mean finite
closed interval, that is, I = [a,b] C R.

LEMMA 2.1. We have the following :

1
gE)CcI° = —/hgd,uelo
Hg Jg

PROOF. By the condition we have a < g(s) < b for s € E and by Corollary 1.3 and by integrating each
side of these inequalities on E, we obtain

aHEz/hadu</hgdu</hbd,u:bHE
E E E

Hence we have )

1
a< — [ hgdu<b .'.—/hd cl’
HE/EQM HEEQM

and we complete the proof the lemma. [J
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The Jensen’s inequality at the edge points {a,b} of I follows from the lemma :

LEMMA 2.2. If g(E) C I, then we have
1 / y a a ( E)
[ g = - g = a.e. on
wE) Jg : b b

PROOF. In the beginning, we prove the upper row of the above lemma. Since a is a constant we have

Next, since we have the inequalities a < g(x) < b for any € I, by Proposition 1.2 we obtain g = a (a.e. on
E). In the same way, we can show g = b (a.e. on E). O

respectively.

3 A characterization for convex functions

The following theorem is essential to prove the Jensen’s inequality.

THEOREM 3.1. Let I = [a,b], then we have the following :
vpel° & 3IM,eR

f € Conv(I) <:>{
Veel & My(z—p)+ f(p) < f(z)

PROOF. = : Let f_l(p) and f+/(p) be left and right derivative of f at the point p respectively. Since we
have f_ (p) < f+l(p) for any p € I°, we take M, € R such that

f-' () < M, < £ (p)

Hence, for {a, 8} C R such that a < a < p < § < b, we obtain the following :

fo) = fla) _, . FB) — f(p)
p—a  ~ T B-p
Therefore we have the following :
(p,x)el°xI

' ’ Mp(z — flp) < f(z
%aﬁ@ﬁmn}:’( P+ 1p) < f(z)

and we complete the proof of 7=-".
< : It is enough for us to prove the inequality :

Ae[0,1] = (1 =Nz +Ay) < (1 =N f(x) + Af(y)

Scince the inequality holds for A(A — 1) = 0, we assume that A € (0,1) holds. For any p € I° and for any
{z,y} C R we have

1) My(z —p) + f(p) < f(2)
{ 2) My(y —p) + f(p) < f(y)
and by calculating 1)x(1 — X) + 2)x\, we have
Mp((1 =Nz + Xy —p) + f(p) < (1= N f(z) + Af(y)
for any A € (0,1). Set as follows :
pE (1= Nz+ry

and we obtain p € I°. Substituting p into the above inequality and we complete the proof of 7<”. [
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4 Jensen’s inequalities
In this section, we give Jensen’s inequality as Theorem 4.1 and from this we derive two different types of
Jensen’s inequalities as Corollary 4.2 and 4.3.

THEOREM 4.1. (Jensen’s inequality 1) For f € Conv(l) we have

By I = f(HlE/Ehgdu> S

PRroOF. First, we consider the case of g(E) C I°. By Theorem 3.1 and by the condition, if we set
x = g(t) for any t € F and for any p € I°, we obtain

My(g(t) —p) + f(p) < foglt)

where by the symbol f o g we mean the composite function of two functions f and g, that is, f(g(¢)).
Multiplying both sides of this inequality by the function h and then integrating both sides on E € F and
by 4) we obtain

M, (/E(hg)du pHE> +Hpf(p) < /Eh(f o g)du
. M, <I;E/E(hg)du—p> + f(p) < HLE/Eh(fog)du

det 1 /
= _— | (h-9)d
Py E( g)dp

and since by Lemma 2.1 we get p € I°, by substituting p into the above inequality we obtain the inequality

in Theorem 4.1.
Secondly, we consider the case of g(F) C I. By Lemma 2.2 we have

I;E/Ehgduz{ Z} = g:{ Z } (a.e on E)

respectively. By the above fact we obtain the equality sign ”=" instead of the inequality sign ” <” in Theorem
4.1. Hence we obtain our theorem. [

We set p as follows :

REMARK. While the condition 3) in Theorem 4.1 holds, we may take the case of u(E) = co. ¢

COROLLARY 4.2. (Jensen’s inequality 2)

f(u(lE)/Egdﬂ)Su(lE/Efogdu

PROOF. In Theorem 4.1 we set h = 1 on E, then by 1) in Theorem 4.1 we have Hg = p(E) and the
proof is complete. []

COROLLARY 4.3. (Jensen’s inequality 3)

B B
a<f = f(Bia/ g(a:)dx) < [ (Gea

PrOOF. In Corollary 4.2 we may consider as follows :

I =a,b]
E=[a,f]

/Egduz/jg(:v)dw

and then we obtain the corollary. [
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In order to give another Jensen’s inequality we prepare some notations. Let A C R be an interval and
let {A}7_, be a sequence of intervals satisfying that A, N A; = ¢ if 1 <i < j <n. We assume

{a17.'. 7an}CR
Ak:[le(Ik] (pk<qk & k=1,--- ,n)

We give an indicator function I4(z) of A and a step function g(x) defined by

l:zeA n
Ii(z) dﬁf{ } & g) S anls, (z)
4 0:2¢ A I ,;kA

Then, for o € R, we have
fla):xe A

alys(z)) =
[ (ada(z)) {f(O):xgéA

def .
and for £ = kul Aj, we obtain

/AozIA(as)dz - /q adz = a(q - p)

P
n n qk n
/ ZakIAk dr = Z/ apdr = Zak(Qk — Dk)
E \k=1 k=1"Pk k=1
We now give two functions f and g defined on intervals I = [a,b] and J = [a, (] respectively as follows :
g:J—1
f:I1—R

then we have

{a, o} €T = fog(e) ™ flg(a)) =Y flaw)la, (2)

k=1

n

Under the above preparations we can derive a corollary from Corollary 4.4 :

COROLLARY 4.4. (Jensen’s inequality 4) If f € Conv(I), then we get

{x17"' vmn} clI
{M A C R 1 & 1 &
n = F =D Mk ) < =D M)
def g g
o= A € RT k=1 k=1
k=1
where I = [a,b] (a < b) is a closed finite interval.

PROOF. First we assume that o = 1. We define a sequence {py}}_, inductively by
po=a & pr=X(b—a)+pr_1(k=1,---,n)
The (n+ 1) points {po,p1, -+ ,pn} divide the interval I into n intervals :
a=po<p1 < <py=b

We now give n left semi-open intervals and a step function :

By = (pr-1,p6) (k=1,---,n) & g(z)= ZkuEk(m)
k=1
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and then we get :

f (bla/ g(x)dQT) =/ (Zn:xk(pkb_pz_l)> =f <zn:/\kl‘k>

k=1 k=1

Furthermore we get

b b n
e AL ey DS

if Pk—szl Z)‘kka)

k=1

Hence, in the case of ¢ = 1, by Corollary 4.3 we complete the proof of the corollary.
Secondly, suppose that ¢ # 1 and we have

def Ak =
SR ER (k=1 n) = > =1
ik . ( n) > HE

Therefore by the consequence of the above we have
n n
f (Z mm) <> k()
k=1 k=1
Sustituting pp = Ax /o into the above inequality, we get the inequality. [J

Remark We can easily prove Corollary 4.4 by means of the mathematical induction. ¢

5 Equivalence relations for convex functions

In conclusin, we present a theorem which characterize convex function.
Theorem 5.1 We assume that forn € Z+
g(EYCI & h(E)C RT
uwE)e R™ & Hp e R*
{1, 2o} C T
{A, A} C Rot
o=y 1_, % €R"

and we set as follows :

then we have
1) = 2) = 3) =4 =5 = 1)

Therefore, the above 1) ~ 5) are equivalent each other.
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Proof 1) = 2) : This comes from Theorem 4.1.
2) = 3) : This comes from Corollary 4.2
) : This comes from Corollary 4.3
= 5) : This comes from Corollary 4.4
= 1): Put n=21in 5) and we get 1) O
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